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Abstract
In this paper we investigate cycle base structures of a 2-(edge)-connected graph on surfaces
with small genera and show that short cycles do generate the cycle spaces in the case of “small
face-embeddings”. Examples show that the conditions in our main results are best possible. As
applications we find the exact formulae for the minimum lengths of cycle bases of some types
of graphs which conclude several known results. Finally, we generalize those results for graphs
embedded on general orientable surfaces.
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1. Introduction
Throughout this paper we only consider 2-(edge)-connected simple undirected graphs.
Used terminology is standard and may be found in [1, 17, 20].
To begin with we should give some basic definitions for graphs on surfaces.
A surface of genus g is a compact 2-manifold obtained by introducing g handles or g
crosscaps to the sphere and is denoted by Sg or Ng , respectively; an embedding of a graph
G in the surfaceΣ is a drawing of G on the surface such that no edge-crossing is permitted
and each component of Σ − G is an open disc called a face; a curve (cycle) C on a surface
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Σ is called contractible if cutting along the curve (cycle) will result in a component of
Σ − C which is homeomorphic to an open disc otherwise it is named noncontractible; the
edge-width of a graph G on a surface Σ , denoted by ew(G), is the length of the shortest
noncontractible cycles. By face-width we mean the length of the shortest closed face-chain
bounding a handle or crosscap and denoted as f w(G). Sometimes f w(G) is used to denote
the minimum number of common vertices of noncontractible curves and the graph G.
By an E-subgraph H of a graph G we mean that each vertex of H has an even number
of half edges and each E-subgraph of G is a vector. Let X and Y be a pair of sets of edges
of G. Then the following operations on E-subgraphs defined as
X ⊕ Y = (X ∪ Y ) − (X ∩ Y ),
1 • X = X, 0 • X = ∅,
will form a linear vector space E over G F(2) called cycle space of G.
It is well-kown that the dimension of cycle space of a graph G is β(G) = ε(G)−ν(G)+
1, the Betti number of G, where ε(G) and ν(G) are, respectively, the number of edges and
the number of vertices of G. Further, any β(G) linearly independent E-subgraphs is a cycle
base. In convenience, we always call a cycle base a base without specific mentions. The
length of a set of walks (cycles) is the sum of the lengths of its walks (cycles). The length
of a base B, denoted by l(B), is the sum of the lengths of its walks (cycles). A minimum
base is that having the least number of edges. Now, if a spanning tree T is fixed, then for
each edge e /∈ T , there is a unique cycle Ce in T + e called the elementary cycle pertaining
to e.
Since each E-subgraph of a graph G is a collection of edge-disjoint cycles, we only
consider the bridge-less graphs (i.e., those who are 2-edge-connected). Furthermore, we
have the following results.
Fact 1. Any minimum base of a 2-edge-connected graph G is composed of linearly
independent cycles.
Proof. Let B∗ be a minimum base of G and W an E-subgraph of B∗. Then W will contain
a cycle C as the subwalk which may not be linearly represented by the other elements of
B∗. If W = C , then the base B = B∗ − W + C will be a shorter base, a contradiction as
desired. 
Fact 2. Let T be a spanning tree of a graph G. Then the collection of the elementary cycles
{Ce | e /∈ T, Ce is the only cycle of T + e}
will form a base called an elementary base.
Much work has been done in cycle base theory and many results have been obtained
[1, 10, 13, 17, 23–29]. For instance, it is viewed as a source of matroid theory [22, 26, 29],
a field of algebra which concentrates on the linear dependence. People such as Cribb et al.
[4], Cummins [5], Glover et al. [8], Holzmann et al. [11], and Liu [16] used cycle space
theory to investigate some combinatorial structures (related to elementary bases of trees).
As a use in the connectivity in graphs, Liu [16] showed that the tree graph T (G) of a
connected graph G has m(G)− r inner-disjoint paths between each pair of vertices, where
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m(G) and r are, respectively, the length of a minimum cycle base and the rank of the linear
space of E-subgraph G. As applications, cycle base theory has many practical uses in fields
such as electric circuit theory [3], structure analysis [2, 14, 18], chemical structure storage
and retrieval systems [6, 7] etc. In particular, minimum cycle bases are of very practical
interest. The article [15] stated some pratical uses while the paper [10] presented a brief
history.
This paper concerns the cycle base theory for graphs on lower surfaces such as the
sphere, the projective plane, the torus and the Klein bottle. The classical ways used to
handle cycle bases are algebraic and combinatorial as Whitney and Tutte did [9, 10, 22, 29]
and some people (as far as we know [15]) use graph embedding theory to investigate the
cycle base structures. In this paper we first establish a Hall type theorem for cycle bases
of a 2-(edge)-connected graph on the sphere and show that some pairs of bases are nested.
Then we calculate the exact number of minimum lengths of some types of planar graphs
which concludes several known results; next, as the initial but key step to higher surfaces,
we show that the Hall type theorems are valid for graphs on lower surfaces and find exact
formulae for “small face embeddings” of 2-(edge)-connected graphs. Although the results
are proved in the case of strong embeddings (i.e., whose face-width is at least 2), the
proving procedures keep valid for general embeddings since minimum bases are simply
concerned with the cycles and we may carry on the proofs with linearly independent sub-
facial-walks which are cycles by Fact 1. Furthermore, there are infinitely many graphs
showing that the conditions in our main results are best possible (i.e., their minimum bases
cannot be obtained by deleting a longest facial walk (cycle)). As applications, we present
formulae for graphs such as the (generalized) Petersen graphs, the complete graph K7,
the complete bipartite graph K4,4 and the circular graphs (which will be defined later), a
type of nonplanar graph. Finally, we present some results of cycle base theory for graphs
on general orientable surfaces including: (1) a sufficient and necessary condition for a
collection of facial cycles together with a group of noncontractible cycles to be a base;
(2) the existence of a group of 2g noncontractible cycles which are in standard position;
(3) any base must contain a group of 2g noncontractible cycles in standard position; (4)
a sufficient and necessary condition for a base to be minimum. As one may see later, the
ways and results here are basically distinct from what our pioneers got.
2. A Hall theorem for planar graphs
In this section we will concentrate on establishing a Hall theorem for planar graphs. But
first we should state some definitions and facts as the preliminary works for our proofs.
Let M = (S1, S2, . . . , Sm) be a system of sets. By a SDR (i.e., system of distinct
representativity) of M we mean that there are m pairwise different elements, say ai (1 ≤
i ≤ m), such that ai ∈ Si for i = 1, 2, . . . , m. The following result is due to Hall [12]
which characterizes a collection of sets having a SDR.
Fact 3. Let M = (S1, S2, . . . , Sm) be a system of sets. Then M has a SDR if and
only if for any collection of k sets of M, there are at least k elements in their union for
k = 1, 2, . . . , m.
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The next result says that for planar graphs some of their facial cycles will generate the
cycle space.
Fact 4. Let G be a 2-connected planar graph embedded in the plane with F as its facial
cycle set containing φ elements. Then any φ − 1 facial cycles will form a cycle base.
Proof. This follows from the Jordan curve theorem and the fact that each cycle C of G
partitions the sphere into two regions with their common boundary C spanned by the facial
cycles contained in one region. 
Let ∂ fφ be a fixed facial cycle (as we will see later whose length will always be the
longest) and B = F − ∂ fφ a base formed by facial cycles avoiding ∂ fφ and C be a cycle
of G. If S0 − C is not connected, then it has a region (i.e., a connected component) σ such
that σ does not contain the marked face fφ and a copy of C (also denoted by C) forms the
boundary of σ . Thus, we always denote Int(C) as the facial cycles in σ
⋂B. In general, let
G be an embedded graph in Sg with a cycle base B and C a cycle. Then we use Int(C) to
present the cycles in B which span C . Further, let B be another base. Then for each cycle
C of B, we may define a set of cycles as the following form:
SC = {∂ f | ∂ f ∈ Int(C)}. (1)
Based on this we have a collection of sets
S = {SC | C ∈ B}. (2)
The next result says that the system of the sets defined as above will have a SDR.
Theorem 2.1. Let G be a 2-connected graph embedded in the plane with F as the facial
cycle set and B a base consisting of cycles. Then the system of sets defined in (1) and (2)
has a SDR.
Proof. What we need is to show that the system must satisfy the Hall’s conditions stated
in Fact 3, i.e., for each subset A of the base F − ∂ fφ , the following inequality holds:∣∣∣∣∣
⋃
C∈A
SC
∣∣∣∣∣ ≥ |A|. (3)
Suppose the contrary. Then violation of (3) says that the set of linearly independent
elements {C | C ∈ A} is spanned by at most |A| − 1 vectors in E , a contradiction as
desired. 
As applications, we have the following result:
Theorem 2.2. Let G be a 2-connected graph embedded in the plane and F as the facial
cycle set. Let ∂ fφ be any (longest) facial cycle in F . If each cycle C is either a facial cycle
in F − ∂ fφ or satisfies
|C| ≥ |∂ f |, ∂ f ∈ Int(C).
Then F − ∂ fφ is a (minimum) base, where |∂ fφ | is the length of the (longest) facial cycle.
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Proof. It is clear that F − ∂ fφ is a base. Now suppose that it is not minimum. Then there
is another base B = {C1, C2, . . . , Cβ(G)} with fewer edges than that of F − ∂ fφ . By
Theorem 2.1 there is a facial cycle ∂ fi in Int(Ci ) for 1 ≤ i ≤ β(G). By the conditions of
the theorem we have that
min l(B) ≥
∑
∂ fi∈F−∂ fφ
|∂ f |.
This is contrary to the definition of B, where l(B) is the sum of total lengths of cycles in
B. 
Based on Theorem 2.2, several results on the minimum base of planar graphs are
concluded:
Corollary 1 ([15]). Let G be a 2-connected planar graph. Then the length of minimum
cycle base is min l(B) ≤ 2ε(G) − gir(G), where gir(G) is the length of shortest cycle.
Corollary 2 ([15]). Let G be a 2-connected outer planar graph. Then its length of
minimum base is min l(B) = 2ε(G) − ν(G).
By a Halin graph we mean a tree embedded in the plane without subdivision of an edge
together with the additional edges joining the one-valent vertices consecutively under their
order in the planar embedding. It is clear that a Halin graph is a 3-connected wheel-like
planar graph. The following result calculates the exact length of minimum base of a Halin
graph.
Corollary 3. Let G be a Halin graph determined by a tree T embedded in the plane. Then
its minimum length of cycle base is min l(B) = 2ε(G) − β(G).
Further, we have a formula for calculating the length of minimum cycle base of a planar
near-triangulation (i.e., a planar embedding of a graph with all the faces triangular except
possibly one).
Corollary 4. Let G be a 2-connected planar near-triangulation. Then its length of
minimum cycle base is min l(B) = 2ε(G) − m(G), where m(G) is the length of the
boundary of the only one possible nontriangular face. Thus, the formula for planar
triangulation is min l(B) = 3β(G).
As another practical use, we consider the remarkable planar 3-connected 3-regular
nonHamiltonian graph of Tutte (as shown in Fig. 1) which also satisfies the conditions
of Theorem 2.2. So, its minimum base will have length
min l(B) = 2ε(G) − |∂ fφ | = 3 × 46 − 10 = 128.
Remark. (1) One may conclude from Theorem 2.2 that the length of minimum base of a
2-connected planar graph G satisfies
min l(B) ≤ 2ε(G) − maxπ |∂ fφ |,
where the max is taken over all the possible planar embedding π and |∂ fφ | is the length of
the longest facial walk. (2) The conditions of Theorem 2.2 are best possible since there are
infinitely many 3-connected planar graphs whose minimum cycle bases cannot be obtained
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Fig. 1. The Tutte graph.
by deleting a longest facial cycle. For instance, the wheel with m(≥8) spokes together with
an additional edge in the outer face is also 3-connected planar graph which has a 3-cycle
C such that both Int(C) and Ext(C) have facial cycles longer than 3 (as shown in the left
e
e
Fig. 2. A graph whose minimum base cannot be obtained by deleting a longest facial cycle but may be determined
by re-embedding it into N1.
hand of Fig. 2); (3) One may see through Fact 1 and the proof of Theorem 2.2 that it may
be strengthened into the following version:
Theorem 2.3. Let G be a 2-edge-connected graph embedded in the plane with ∂ fφ a
longest facial walk andF−∂ fφ a set of β(G) linearly independent sub-facial-walks which
are cycles. If each cycle C is either an element of F − ∂ fφ or satisfies
|C| ≥ |∂ f |, ∂ f ∈ Int(C),
then F − ∂ fφ is a minimum base.
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3. Graphs on lower surfaces
In this section we shall investigate the cycle bases of graphs on the projective plane, the
torus and the Klein bottle. We first give some basic facts for graphs on lower surfaces.
Call a pair of curves (cycles) C1 and C2 on a surface homotopic if there is a continuous
function
h : [0, 1] × C1(x) C2(x)
such that h(0, x) = C1(x), h(1, x) = C2(x).
Fact 5. Any pair of noncontractible curves (cycles) on the projective plane will have at
least one common vertex and further, they are homotopic cycles.
Proof. This may be easily concluded from the definition and classical algebraic
topological theory. 
Fact 6. Let G be a 2-edge-connected graph on the projective plane with the face-width
f w(G) ≥ 2. Then there are φ = ε(G)−ν(G)+1(=β(G)) facial cycles and any collection
of fewer than φ facial cycles are independent in cycle space.
Also the following result may be obtained from algebraic topological theory.
Fact 7. Let G be a 2-edge-connected graph on a surfaceΣ with f w(G) ≥ 2 and C a cycle.
Then C may be linearly represented by a group of facial cycles iff C is separating (i.e.,
Σ − C has more than one components). In particular, any noncontractible nonseparating
cycle cannot be expressed as a linear form of facial cycles.
Fact 8. Let G be a graph as stated in Fact 6. Then any φ − 1 facial cycles together with a
noncontractible cycle, say C0, will form a base.
Proof. It follows from Fact 6 that any φ − 1 facial cycles are linearly independent and
further they cannot linearly represent any noncontractible cycle. Since the dimension of
any such collection of cycles is ϕ = β(G) by Euler formula, the result follows. 
Remark. By Facts 6 and 8 we always denote F the facial cycle set and F − ∂ fφ a set
of linearly independent facial cycles with φ − 1 elements, where ∂ fφ is the length of the
longest facial cycle. Since a cycle C is spanned by a base B = (F − ∂ fφ) as stated in
Fact 8, we use Int(C) to denote the set of those in B which generate C .
Fact 9. Any cycle base of a 2-connected projective planar graph will contain at least one
noncontractible cycle.
Proof. This may be concluded from that fact that any contractible cycle on the projective
plane may be linearly represented by φ − 1 facial cycles and any collection of at least φ
cycles spanned by those φ − 1 facial cycles must not be linearly independent. 
The following result is another version of Theorem 2.1.
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Fig. 3. Two embeddings of K5 in the projective plane but only the left one calculates the minimum cycle base.
Theorem 3.1. Let G be a 2-connected graph on the projective plane with f w(G) ≥ 2.
Let B1 = F − ∂ fφ and B2 be two bases of E . Then the system of sets
SC = {C ′ ∈ B1 | C ′ ∈ Int(C)}, C ∈ B2
has a SDR.
This may be established by repeating a similar procedure used in the proof of
Theorem 2.1. As application, we have the following result:
Theorem 3.2. Let G be a 2-connected graph embedded in the projective plane with
f w(G) ≥ 2. If the length of each cycle C is not less than the length of any facial cycle in
Int(C), then the length of minimum base is
min l(B) = 2ε(G) − |∂ fφ | + ew(G),
where |∂ fφ | is the length of longest facial cycle and ew(G) is the edge-width of G.
Proof. It follows from Fact 7 that the length of minimum base satisfies the following
inequality
min l(B) ≤ 2ε(G) − |∂ fφ | + ew(G).
Let B∗ be a minimum base. Then B∗ = B∗1 + B∗2, where B∗1 are composed of contractible
cycles while B∗2 consists of noncontractible ones. Notice that each noncontractible cycle is
not shorter than ew(G). Applying Theorem 3.1 for the bases F − ∂ fφ and B∗ we have
l(B∗) ≥ 2ε(G) − |∂ fφ | + ew(G).
This finishes the proof. 
By an application of Theorem 3.2 we may calculate the minimum length of bases
for some types of nonplanar graphs. For instance, the Kuratowski graph K5 has two
embeddings in the projective plane as shown in Fig. 3 but only the left one satisfies the
conditions in Theorem 3.2 in which the length of the longest cycle is 5 and other faces
triangular and ew(G) = 3. So, the length of minimum base is 18 which coincides with the
fact that the length of minimum cycle base of K5 is 3
(4
2
) = 18. Further, the embedding as
drawn in Fig. 4 shows that the length of minimum base of the Petersen graph is 30.
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Fig. 4. An embedding and a spanning tree of the Petersen graph which present a minimum base.
Remark. (1) Applying Theorem 3.2 to near-triangular (near-quadrangular) embeddings
in the projective plane one may readily find their length of minimum base. On the other
hand, Theorem 3.2 provides a way to calculate the edge-width of some embeddings once
the minimum base is known. (2) One can see that Theorem 3.2 may be used to evaluate
the minimum base of a nonplanar graph on N1 since their face-width is at least 2. (3) The
condition f w(G) ≥ 2 and 2-connectivity may be relaxed since the corresponding base may
be replaced by another base whose elements are closed sub-facial-walks of the former. In
fact, let G be a 2-edge-connected graph embedded in N1. Then there are φ(=β(G)) facial
walks among which any group of φ − 1 facial walks are linearly independent. Choose
a longest facial walk, say ∂ fφ , and F − ∂ fφ a set of β(G) independent sub-facial-walks
which are cycles. For each cycle C , we still use Int(C) to denote the set of those in F−∂ fφ
which span C . Then Theorem 3.2 may be re-formulated as the following form:
Theorem 3.3. Let G be a 2-edge-connected graph on N1 with ∂ fφ andF−∂ fφ be defined
as above. If the length of each cycle C is no shorter than the length of each cycle in Int(C),
then F − ∂ fφ together with a shortest noncontractible cycle will form a minimum base.
The effectiveness may be seen from the graphs in Fig. 2 where the minimum base
cannot be obtained from Theorem 2.1 since the graphs do not satisfy the conditions of
Theorem 2.1 but if we embed them into N1 as shown in the right hand of Fig. 2, then they
all satisfy the hypothesis of Theorem 3.3 and so, their minimum base is determined.
Now we start to investigate the cycle base theory for graphs on the torus. One may see
that some basic facts in our previous discussions are still available after minor changes.
Let G be an embedded 2-edge-connected graph with f w(G) ≥ 2 and F the facial cycle
set. Let ∂ fφ be the marked facial cycle. A collection of 2g cycles, say C, is in standard
position iff (F − ∂ fφ)⋃C forms a base. It is clear that if such a collection of cycles is
in standard position, then those 2g cycles are all noncontractible and nonseparating. The
following result is easy to obtain.
Fact 10. Let G be a 2-connected graph on the torus with f w(G) ≥ 2 and the facial cycle
set F . Then all the facial cycles in F are linearly dependent. Further, any φ − 1 facial
cycles are linearly independent which, together with the other two noncontractible cycles
in standard position, will form a base.
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Fact 11. Let G be a graph as stated in Fact 10. Then any base will contain at least two
noncontractible cycles.
The following result, which will be proved in Section 4 in a general way, is very crucial
in our next main result proving procedure.
Fact 12. Let G be as defined in Fact 11. Then any base will contain at least two
noncontractible cycles which are in standard position.
The following result is a toroidal version of the Hall theorem for graphs on the torus.
Theorem 3.4. Let G be a 2-connected graph embedded in the torus. Let B1 be a base
composed of φ − 1 facial cycles and two noncontractible cycles in standard position and
B2 be another base. Then the system of sets
SC = {C ′ ∈ B1 | C ′ ∈ Int(C)}, C ∈ B2
has a SDR.
Parallel to what we have got in the projective plane, we have the following result:
Theorem 3.5. Let G be a 2-connected toroidal graph with f w(G) ≥ 2. If the length
of each cycle C is not less than the facial cycles contained in Int(C), then the length of
minimum cycle base is
min l(B) = 2ε(G) + l(C1) + l(C2) − |∂ fφ |,
where |∂ fφ | is the length of the longest facial cycle and
l(C1) + l(C2) = min {l(C ′) + l(C ′′) | C ′ and C ′′ are noncontractible
cycles which are in standard position}.
Sketch of proof. By Fact 12 a minimum base will have two noncontractible cycles in
standard position and this combined with Theorem 3.4 concludes the result. 
Also remark. As we have stated in Theorem 3.3, the conditions f w(G) ≥ 2 and 2-
connectedness may be relaxed and an extended result may be obtained. We will state this
later.
Now we will use Theorem 3.5 to calculate the length of minimum bases of some types
of graphs. The following embedding of K7 as depicted in Fig. 5 is taken from Bondy’s
book [1] which, together with Theorem 3.5, shows that the length of minimum cycle base
of K7 is 45.
Also the following embedding of the complete bipartite graph K4,4 = (X, Y, E) as
drawn in Fig. 6 satisfies the conditions of Theorem 3.5 and shows that the length of
minimum base is 36, where X = {x1, x2, x3, x4}, Y = {y1, y2, y3, y4}.
Next, we will give a more powerful example. But first we need some definitions.
By a circular graph C(n, l) of order n we mean a n-cycle Cn = (1, 2, 3, . . . , n)
together with additional chords (i, j), where vertices i and j are jointed by an edge iff
|i − j | = l. It is clear that almost all the circular graphs contain a subdivision of K3,3 and
so are nonplanar. Any reader familiar with the generalized Petersen graphs may find that
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Fig. 5. A genus embedding of K7 and a spanning tree which provide a minimum base.
there is a close relation between circular graphs and the generalized Petersen graphs. In
fact, a generalized Petersen graph will contain a circular graph as its minor which will be
shown later. In [19] the authors obtained some topological results for circular graphs and
showed that the most nonplanar circular graphs may be quadrangularly embedded into the
torus as shown in Fig. 7, where two types of circular graphs are embedded in the torus,
respectively.
x1
y2 y3 y4 x2 x3 x4
y1
Fig. 6. An embedding of K4,4 and a spanning tree which count a minimum base.
It is clear (as shown in [19]) that when the order n is large enough, say n ≥ l(2l + 1),
the toroidal embeddings are large-edge-width as defined in [21] and so, they are unique by
Thomassen’s LEW-embedding theory. Further, no contractible cycle will have length less
than 4. Thus, such embeddings must satisfy the condition stated in Theorem 3.5. After an
easy manipulation one may find the following result:
Fact 13. When the order is large enough, the circular graph C(n, l) will have its length of
minimum base as
min l(B) = 4n − 4 +
⌊n
l
⌋
+ r + l + 1,
where r is the residual of n modulo l.
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3
L+3
2L+3
(a) (b)
Fig. 7. Two genus embeddings of circular graphs C(Lk, L) and C(Lk + 1, L).
Finally we consider cycle bases of graphs on the Klein bottle. One may see that
noncontractible cycles on nonorientable surfaces are basically defferent from those on the
orientable ones. For instance, a pair of disjoint noncontractible cycles on the torus must
partition the torus into at least two disconnected regions which may not happen in the case
of the Klein bottle. The following result is easy to verify.
Fact 14. Let G be a 2-connected graph on the Klein bottle with f w(G) ≥ 2 and F the
facial cycle set. Then for any facial cycle ∂ fφ , the facial cycles in F − ∂ fφ are linearly
independent. Further, F − ∂ fφ together with any two noncontractible cycles in standard
position will form a base.
The following result is analogous to Fact 12 and may be readily established after
repeating the procedure used in its proof.
Fact 15. Any base B of a 2-connected graph G on the Klein bottle must contain at least
two noncontractible cycles which are in standard position.
Although Facts 12 and 15 are very similar, one may easily see that a pair of curves
(cycles) in a standard position on the Klein bottle do not always share a common vertex
since two noncontractible cycles destroying two crosscaps, respectively, may not share a
common vertex.
Theorem 3.6. Let G be a 2-connected graph embedded in the Klein bottle and B a base
with φ − 1 sub-facial-walks which are cycles together with two noncontractible cycles in
standard position. If the length of each cycle is not shorter than the length of each element
in Int(C), then the length of minimum base is
min l(B) = 2ε(G) + l(C1) + l(C2) − |∂ fφ |,
where |∂ fφ | is the length of the longest facial cycle and
l(C1) + l(C2) = min {l(C ′) + l(C ′′) | C ′ and C ′′ are noncontractible
cycles which are in standard position}.
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u1
v1
v2
v3
v4
v5
v6
v7
v8
u2
u3
u4
u5
u6
u7
u8
u1
u2
u3
u4
u5
u6
u7
u8
Fig. 8. The generalized Petersen graph G(8, 3) and its relation with the circular graph C(8, 3).
Corollary 5. Let G be a 2-connected triangulation or a K3-free quadrangulation on the
surfaces with small genera. Then its minimum base will have its length as
min l(B) =


2ε(G) − 3, triangulation on S0,
2ε(G) − 4, quadrangulation on S0,
2ε(G) − 3 + ew(G), triangulation on N1,
2ε(G) − 4 + ew(G), quadrangulation on N1,
2ε(G) − 3 + min {l(C1 + C2}, triangulation on S1, N2,
2ε(G) − 4 + min {l(C1 + C2}, quadrangulation on S1, N2,
where min {l(C1) + l(C2)} is taken over all the possible pairs of noncontractible cycles in
standard position.
Next, we shall use Theorem 3.6, rather than Theorem 3.5, to investigate the minimum
cycle bases of some types of generalized Petersen graph(s). Let us first recall what a
generalized Peterson graph is. Let n(≥5) be a natural number and l an integer such that
1 ≤ l ≤ n/2. Let {u1, u2, . . . , un} and {v1, v2, . . . , vn} be two sets of vertices which form
the vertex-set and the edge-set is defined as
E(G(n, l)) = {(ui , ui+1) | 1 ≤ i ≤ n} + {(ui , vi ) | 1 ≤ i ≤ n}
+ {(vi , vi+l ) | 1 ≤ i ≤ n},
where the number is taken residue over modulo n. It is clear that the generalized Peterson
graph G(n, l) is 3-regular and nonplanar with the girth gir(G(n, l)) ≥ l + 1. The
generalized Petersen graph G(8, 3), as depicted in the left hand of Fig. 8, has many
remarkable properties stated in [18].
Before estimating the minimum base of G(8, 3) we should embed it into a surface with
smallest possible genus. By a double cycle cover of a graph G we mean a collection of
cycles, denoted as C, such that each edge of G appears in exactly two elements of C. It is
well-known that any strong embedding will induce a cycle double cover and a cycle double
cover may not necessarily be the facial-walk-set of an embedding. But they are equivalent
in the case of 3-regular graphs.
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Fact 16. The generalized Petersen graph G(8, 3) may be embedded into a surface of
genus 2 such that the boundary of any face is a 6-cycle and the face-width is at least 2.
Further, there are two noncontractible cycles in a standard position.
Proof. It is clear that the following collection of 6-cycles will form a double cycle cover
of G(8, 3).
C = {(ui , ui+1, vi+1, vi+4, vi+7, ui+7) | 1 ≤ i ≤ 8},
where the indices are taken over the residue of modulo 8. It is easy to see that no facial
walk will have vertices repeated more than once since the girth of G(8, 3) is 6. Thus, the
face-width is at least 2 and each facial cycle is a 6-cycle by the Eulerian equation for
2-cell embeddings of graphs on surfaces. As for the pair of noncontractible cycles in
standard position, one may find them from the definition of C. This completes the
proof. 
Since the embedding as stated in Fact 16 does satisfy the conditions of Theorem B3, we
may find that the length of minimum base of G(8, 3) is min l(B) = 2ε(G(8, 3))−6+2×
6 = 54.
Remark. The two Theorems 3.5 and 3.6 may be condensed into an extended version as
we have down previously. In fact, let G be a 2-edge-connected graph on S1(N2) with ∂ fφ
a longest facial walk and F − ∂ fφ a set of φ − 1 independent sub-facial-walks which are
cycles. Then F − ∂ fφ together with a pair of noncontractible cycles in standard position
will form a base B. Further, for each cycle C , Int(C) denotes those of B which span C .
Then we have the following result:
Theorem 3.7. Let G be a 2-edge-connected graph on S1(N2) with ∂ fφ and F − ∂ fφ be
defined as above. If the length of each cycle C is not shorter than the length of each cycle in
Int(C), then F − ∂ fφ together with a pair of noncontractible cycles which are in standard
position and shortest total length will form a minimum base.
4. Graphs on orientable surfaces
In this section we shall investigate the cycle base for graphs on Sg . Throughout this
section we always assume that G is a 2-edge-connected graph embedded in Sg with
f w(G) ≥ 2. Then each facial walk is a cycle. Let F be the facial cycle set with exact
φ elements. Then for any facial cycle, say ∂ fφ , the cycles in the set F − ∂ fφ are linearly
independent. In order to extend the set of cycles to be a base there need to be 2g cycles
introduced by Euler formula. In fact, each of those 2g cycles must be noncontractible since
cycles in F − ∂ fφ may generate any contractible cycle. In general, we have the following
result:
Fact 17. Let G be an embedded graph on Sg with f w(G) ≥ 2. Then any cycle base must
contain at least 2g noncontractible cycles.
Proof. Suppose the contrary and there is a baseB containing at most 2g−1 noncontractible
cycles. Then B have at least φ linearly independent contractible cycles. Recall that the
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embedding of G on Sg has φ facial cycles and any group of φ − 1 facial cycles may span
any contractible cycle. Thus, the collection of at least φ linearly independent contractible
cycles in B may be generated by those φ − 1 facial cycles, a contradiction as desired. 
Let C ′ = {C1, C2, . . . , Ck} be a set of cycles. Call an edge e even edge iff e is contained
in an exact even number of cycles in C ′; otherwise it is called an odd edge. Let E2(C ′) and
E1(C ′) be, respectively, the set of the even edges and odd edges of cycles in C. Then we
have the following result:
Theorem 4.1. Let G be a 2-edge-connected graph embedded in Sg with f w(G) ≥ 2 and
F = {∂ f1, ∂ f2, . . . , ∂ fφ} the set of facial cycles. Let C = {C1, C2, . . . , C2g} be a set of
linearly independent noncontractible nonseparating cycles. Then the collection of cycles
in the following set
B = {∂ f1, ∂ f2, . . . , ∂ fφ−1}
⋃
C
is not linearly independent iff there exists a subset C ′ of C such that Sg − C ′ has a group of
components, say σ1, σ2, . . . , σs , such that
s⋃
1
∂σi = E1(C ′) and fφ 
s⋃
1
σi , (4)
where ∂σi is the boundary of σi (1 ≤ i ≤ s).
Proof. Suppose that Sg − C ′ has a collection of components σ1, σ2, . . . , σs satisfying (4).
Let f1, f2, . . . , fm be the faces contained in
⋃s
1 σi , i.e.,
m⋃
1
fi =
s⋃
1
σi
and C1, C2, . . . , Ck be all the cycles in C ′. Then we have that
k∑
1
Ci +
m∑
1
∂ fi = 0.
This says that the cycles in the set {∂ f1, ∂ f2, . . . , ∂ fm }⋃C ′ are not linearly independent.
So is {∂ f1, ∂ f2, . . . , ∂ fφ−1}⋃C.
Now suppose that cycles in the set {∂ f1, ∂ f2, . . . , ∂ fφ}⋃C are not linearly independent.
Then there is a subset of cycles in {∂ f1, ∂ f2, . . . , ∂ fφ−1}⋃C, say C ′, such that they are
linearly dependent. Let
C ′′ = {C ′1, C ′2, . . . , C ′k′ }
⋃
{∂ f ′1, ∂ f ′2, . . . , ∂ f ′l },
where C ′i (1 ≤ i ≤ k ′) and ∂ f ′j (1 ≤ j ≤ l) are, respectively, the cycles in C and{∂ f1, ∂ f2, . . . , ∂ fφ−1}. Then we have the following relation:
C ′1 + C ′2 + · · · + C ′k′ + ∂ f ′1 + ∂ f ′2 + · · · + ∂ f ′l = 0.
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By identifying the (possible) common edges among the cycles in {∂ f ′1, ∂ f ′2, . . . , ∂ f ′l }
we may obtain a collection of components, say σ1, σ2, . . . , σs , of Sg − C ′ such that
s⋃
1
∂σi = E1(C ′).
It is clear that the marked face ∂ fφ is not contained in any σi . 
4.1. The existence of noncontractible cycles in standard position
Let G be an embedded graph on Sg with f w(G) ≥ 2 and the facial cycle set
F = {∂ f1, ∂ f2, . . . , ∂ fφ}. Then by deleting some edges on distinct faces we may obtain
a 2-edge-connected subgraph G′ of G such that (1) G′ is also embedded in Sg ; (2) G′
has exactly one face. If G′ has only one vertex, then by Euler formula G′ has exactly 2g
loops which are all noncontractible on Sg ; otherwise by shrinking all the possible edges
which are not loops we may obtain a one-faced graph G′′ with only one vertex and 2g
noncontractible loops e1, e2, . . . , e2g . Let C = {C1, C2, . . . , C2g} be the set of cycles in
G′ such that each Ci correspond to ei for 1 ≤ i ≤ 2g. It is clear that G′ is the subgraph
determined by the edges in C. Thus, Sg − C has exactly one component. By Theorem 4.1,
the cycles C1, C2, . . . , C2g are in standard position (i.e., (F − ∂ fφ)⋃ C forms a base).
Now we state a condition for a base to be a minimum base (i.e., a base with the shortest
length). Notice that Theorems 2.1, 3.1 and 3.4 are valid for 2-edge-connected graphs on
general orientable surfaces. We have the following result:
Theorem 4.2. Let G be an embedded graph on Sg with f w(G) ≥ 2 and B a base. Then
B is minimum iff for any cycle C, it must satisfy the condition
|C| ≥ |C ′|, ∀ C ′ ∈ Int(C).
Proof. It is clear that the condition is sufficient since one may see the minimum property
of B by repeating an analogous proving procedure as we used in Section 3. Now suppose
that B is a minimum base and C is a cycle generated by a set of cycles C1, C2, . . . , Ck
(i.e., Int(C) = {C1, C2, . . . , Ck}) such that |C| < |Ci | for some i . Then one may verify
that B − Ci + C is also a base whose length is shorter than this of B, a contradiction. 
The following result shows that any base must contain a group of 2g noncontractible
cycles in standard position.
Theorem 4.3. Let G be a 2-edge-connected graph on Sg with f w(G) ≥ 2 and B a base.
Then B contains a group of 2g noncontractible cycles which are linearly independent and
in standard position.
Proof. We shall prove this by induction on the number of noncontractible cycles. Suppose
that B is a base containing exactly 2g noncontractible and nonseparating cycles, say
C1, C2, . . . , C2g . Let F = {∂ f1, ∂ f2, . . . , ∂ fφ} be the facial cycle set and ∂ fφ the marked
facial cycle. Suppose further that those 2g cycles are not in standard position. Then there
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is a subset of (F − ∂ fφ)⋃{C1, C2, . . . , C2g}, say {∂ f ′1, ∂ f ′2, . . . , ∂ f ′k}⋃{C ′1, C ′2, . . . , C ′l }
such that
k∑
1
∂ f ′i +
l∑
1
C ′j = 0,
where ∂ f ′i ∈ F − ∂ fφ and C ′j is in {C1, C2, . . . , C2g}. It is clear that k, l ≥ 1. If each ∂ f ′i
may be wirtten as a linear combination of contractible cycles in B, then B is not a base.
So, there is a ∂ f ′i such that all the contractible cycles of B and ∂ f ′i form a group of linearly
independent cycles. Furthermore, B − {C1, C2, . . . , C2g} + ∂ f ′i may be extended into a
base B′ which has less than 2g noncontractible cycles, a contradiction of Fact 17. Thus,
(F − ∂ fφ)⋃{C1, C2, . . . , C2g} is a base and so, C1, C2, . . . , C2g are in standard position.
Now suppose that the result is valid for all the bases with at most 2g + m noncontractible
cycles. We consider a base B containing exactly 2g + m + 1 noncontractible cycles. Write
F = {∂ f1, ∂ f2, . . . , ∂ fφ} as the facial cycle set of G. It is easy to see that B contains at
most φ − 2 contractible cycles. Hence, there is a facial cycle, say ∂ f1 in F − ∂ fφ such that
∂ f1 may not be linearly expressed by the contractible cycles of B. Since B is a base, we
have that
∂ f1 =
s∑
1
C ′i , C ′i ∈ B.
Notice that there is at least one cycle, say C ′j (1 ≤ j ≤ s), which is noncontractible.
Now we consider another base B′ = B − C ′j + ∂ f1. The base B′ has exactly 2g + m
noncontractible cycles and by induction hypothesis, B′ has a group of 2g noncontractible
cycles in standard position. It is clear that those 2g cycles are also contained in B. By
induction principle, the result is valid for all bases. 
Let G be a 2-edge-connected graph embedded on Sg with f w(G) ≥ 2 and C a set of 2g
noncontractible nonseparating cycles in standard position. Then
l(C) =
∑
Ci∈C
|Ci |
is the length of C. Call such a set C minimum iff l(C) is the least among all the possible
sets of 2g noncontractible nonseparation cycles in standard position. An embedding π
of a graph G on a surface is NLEW-embedding (near-large-edge-width embedding) iff
the length of each contractible cycle is not longer than the length of any noncontractible
cycle. The following result generalizes our results for graphs on lower surfaces to general
orientable surfaces.
Theorem 4.4. Let G be a 2-edge-connected NLEW-embedded graph on Sg with f w(G) ≥
2 and F = {∂ f1, ∂ f2, . . . , ∂ fφ} the facial cycle set. Let ∂ fφ be the marked facial cycle and
C the minimum set of 2g noncontractible nonseparating cycles in standard position. Write
B = (F − ∂ fφ)⋃C and for each contractible cycle C,
|C| ≥ |C ′|, ∀ C ′ ∈ Int(C),
then B is a minimum base.
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Proof. Let B′ be a base and C ′ the set of 2g noncontractible nonseparating cycles of B′
which are in standard position (by Theorem 4.3). Then by the definition of C we have that
l(C) ≥ l(C ′). Further, any cycle C ∈ B′ − C ′ is either contractible or not shorter than any
facial cycle in Int(C) (since G is NLEW-embedded on Sg), this concludes the result. 
Based on this result, many results stated in previous sections may be generalized
to graphs on orientable surfaces. For instance, we have the following result for near-
triangulations:
Corollary 6. Let G be a near-triangular embedded on Sg with f w(G) ≥ 2. Then the
length of minimum base is 2ε(G) − |∂ fφ | + l(C), where ∂ fφ is the possible nontraingular
facial cycle and C is a minimum set of 2g noncontractible nonseparating cycles in standard
position.
Remark. All the results in this section are valid for general embeddings of 2-edge-
connected graphs. In some extremal cases (i.e., embeddings with very few faces), they
may be applied to estimate the minimum bases. For instance, if a 2-edge-connected graph
is embedded in an orientable surface with at most two faces (i.e., up-embeddable), then
the corresponding minimum base may be easily calculated. First, let us consider such an
embedded graph G on Sg with at most two faces. Then the minimum base is determined
by a collection of 2g noncontractible cycles (together with at most one shorter facial cycle
that β(G) is an odd number). In particular, the complete graph Kn with n vertices may be
embedded into the orientable surface with
gM(Kn) =
⌊
(n − 1)(n − 2)
4
⌋
handles. Using the result as above one may see that the length of minimum base of Kn is
(3/2)(n − 1)(n − 2) which coincides with the fact that the claw K1,n induces a shortest
base of Kn .
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